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‘ Review of Channel Codes

randomness
C bits/sym. T >
Nbeing large
Channel Capacity & Coding Theorem  __________ >
Shannon larizati
1948 polarization
————————— >
B C(N, K, d) R=K/N—C
- Classic Codes Modern Codes
Turbo codes
; RS codes Berrou
Hamming codes Conv. codes Reed LDPC codes  AG codes Glavieux Polar codes
Hamming R Elias Solomon Gallager Goppa Thitimajshima ~— Arkan
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RM codes BCH codes Conct. codes TCM LDPC codes (rediscovery)
Muller Bose Forney Ungerbdck Wiberg

Reed Chaudhuri 1965 1982 MacKay

1954 Hocquenghem Neal
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‘ Review of Channel Codes

Encoding

S

Hamming sphere

G
Encoding (®): m — ¢, dim(m) = K & dim(e¢) = N
N\ ® :codewords
F, } ={c)Ulcte) ® :encoding func.
codebook C G :generator mtx.
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Decoding

Decoding (d1):
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Review of Channel Codes

= Decoding
r=cte y=M(e) +n
in Hamming domain in probability domain
d'(r) — e/ m d'(y) — ¢/ m
c=r—e p(co), pler), -, plen—1)
vy R
Co C1 CnN -1

Algebraic decoding of classic codes

(/] T c
> Demod. > Dec. >
Probabilistic decoding of modern codes I(Y;¢) = 1Y ;¢)
Yy c
> Dec. >

* d, Iapriori
| Graph (rep. code intrinsic structure)
|

Iapriori p (y | C)




Algebraic Decoding vs. Probabilistic Decoding H

A
(7 L e

ITW'’ w5

= Algebraic Decoding

Encoding of a (7, 5, 3) Reed-Solomon (RS) code

Finite field: Fs ={0,1,0,0%,...,0°}, where o is a primitive element

Message m = (mg,m4,...,mM4)

m(z) =mo+miz+ - +myx?

Encoding (®):
Codeword ¢ = (m(1),m(c),m(c?),....,m(c®))

— (Co,Cl,CQ, °-'7C6)

(1,0,0%, ..., 0°) € Fg\{0} are code locators.
Their evaluation order can be arbitrary.




Algebraic Decoding vs. Probabilistic Decoding

= Algebraic Decoding

Decoding of the RS code

Received word r = (70,71,+.,76)
r(z) =rg+rz+-+rex’

Syndrome based decoding ((I);;n ):
Syndromes Si=r(0),8,=r(c?)
S(z) =8+ 8,7

Key equation Q(z) =A(z)S(z) mod z?

‘ BM algorithm
- » e—cC
Interpolation based decoding ((I)i‘r}t ):
Points (1,r),(o,1m),..., (0°,16)
Int. polynomial Q(z,y), y—m(z) | Q(z,y)
‘ GS algorithm BM: Berlekamp-Massey

» m/c GS: Guruswami-Sudan




Algebraic Decoding vs. Probabilistic Decoding

: _J::m:'lrll 22

ahdnlt , AN
ITW’'25
Probabilistic Decoding
Encoding of an (8, 4, 4) polar code
1 0 0 0 0 0 0 071 [Y0]
Artkan kernel 1100000 0 [F
1 01 0 0 0 0 O 9>
10 _cez_[1 1110 0 0 0f_|9s
F:[11 > G=F 100010 0 0| |94
110 0 1 1 0 O s
1 01 01 0 1 0 e
1 1 1 1 1 1 1 11 Lg7]
Info. bit / Froz. bit Info. set A = {3,5,6,7}
mo=0 e M o0 M I M 40 L
0= N N N Info. bitsm, =(1,1,1,1)
1 1 .
my =0 oo * 1 Froz. bits m ;. = (0,0,0,0)
1 1
m,=0 ¢ () ° ° () o 1 Zs
0 0 G — _ 5
my=1¢ () =0 =1 o 0 c=mG=muyG, =my, g
my=0e . <> — (N o1 l g7
ms =19 AP0 (€G ™M)= (@) =m,
meg=1e ol ol (M o
Parity-check constraint
m;=1e ol ol o 1

(eG) jo=m 0 =1(0,0,0,0)
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Algebraic Decoding vs. Probabilistic Decoding

= Probabilistic Decoding

Decoding of the polar code

Decision LLRs - Channel observations
), ;0
1+ elo 1 (0) P(y,0/0)
1 . (1) — =
f function: Ly’ = lnL(")—L(") mo| /TN Co, W L, Ly lnP(yoll)
elo” + ela U
A
my €1 Y1
. - » W > P(y410)
function: L[V = (=)™ 4 [ 1O 2
g 0= DT L R TCARD
Parity-check constraint HLO>0-
Info. bit: 7, = { oo T
(€G) o= (0,000 —> 1, ifLP®<o0.

Froz. bit: m;, =0

11



Algebraic Decoding vs. Probabilistic Decoding

Algebraic decoding of Classic codes Probabilistic decoding of Modern codes

minimum distance d
minimum distance

code intrinsic structure H/ G.

weight distributions (Ay, A4, Agi1,... ) N > 10 000 bits
- structure / algebra - randomness
- polarization

error-correction efficiency: e.g., 2N/d capacity approaching / achieving: C — R < e

decoding computation in I, decoding computation in]R .

€ : arbitrarily small positive
R : real number field

12




Algebraic Decoding vs. Probabilistic Decoding

Decoding: solving equation group implied by H  "Algebra”
a) “u=l" (al-Khwarizmi, 9C AD) > “Algebra” (16C AD) > "X (19C AD)

b) Algebraic decoding: solving the equation group in I,
Probabilistic decoding: solving the equation group in R

(N = 10 000 bits)

» C—R<e
Is the conventional algebra in coding practice still important?

a) How if N <« 10 000 bits?

b) How if p(y|c) is absence?

c) How if latency / decoding power consumption is critical?

13



Short-to-Medium Length Codes

SML Codes: e.g., N =50~1000 bits

O Good decoding performance

O High latency / power consumption

Long codes N =10000 bits
SML codes
N <1000 bits d=N(1—R)+1

code intrinsic structure H/ G O Decoding performance degrades

I apriori *

L Algebra

O Low latency / power consumption

14



Short-to-Medium Length Codes

= Structuring Multiple Component Codes

Component codes

’_—> CO Cl (XX C’Y
Dec. 0 Dec. 1 Dec.”Y

Algebra

| A

Structuring

Decoding of component codes can be
empowered by |

apriori

15



U-UV Codes

wise information technology of medicine

= Structure: Plotkin construction / Boolean sequences

factory automation

= Component codes: BCH / eBCH codes

U-UV codes: (U | U + V) codes

16



‘ U-UV Codes

= Boolean Sequences

Vo

51

Ly
VoV
VU2
V103
VoV1V2

olo ool o o~
olo o ol o o=
olo o olor ol
Ol O Ok R o=
oclo o ol o R~
oclo R Ok O R|-
cloo R o R R,k
R, R Rk, R R(R

The first order RM code

mol + mqvy + moyvq + msv,

The second order RM code

m01 + mvg + myv1 + M3V, + MgV + MsVyV, + MgV1 V>

The third order RM code

mol + mqvyg + myvq + msv, + myvovq + MmsVgV3 + MmeV1V, + m,v,v1V;

message symbols m; € F,

17



U-UV Codes Ly

w2

Construction Initiatives

Rediscovery of Plotkin construction

1 11111111 1 0 0 0 0 0 0 0] vovivs
Vo 00001111 Artkan kernel 11000 00 0 V1V,
v, 00110011 1(1)1(1)8888 VoVs
v, 01010101 F:[10 > F®3 — )
vovy 00000011 1 1 100 01000 Vo1
VU2 00000101 1100 1100 (21
viv, 00010001 10101010 vy
vovv; 00000001 1111111 U 1

/v RM codes: Ggy is defined based on row

weight of F®3
Arikan kernel F = [1 0 > 9
1 1 \
Polar codes: subchannel capacity

Plotkin kernel F'= [(1) ﬂ - [ (F)®3 = (F®3)T ] — F® =G, UG,

(U] U +V) code ]

18



‘ U-UV Codes

= Construction Initiatives

Polarization theorem (N — o0) and polar coding practice (N = 256)

LDW
o © o
] —— 0_6_69 ————————— T o -
o 0 o Q \ \
08 o o o o (o] \ 1
o (s} I = | —
) . o | N =256 ' N =512
E>,~o.s— ° o o] 1 1
B 00O \ o \
S5 ] o 1 [¢)
e > 20.7% > 18.6%
g 04 o 1
8 o o 9 o : :
03 04 © . '
o
02 o o 000 o ° o 1 1
o 0o, R4 7
L o 5Oy P S
0.0 IlllIIlII'i‘éil"§:&ll5L_____lI‘x2__11______51______________
1 54 128 192 256
Index
10

0.7

N = 16384 N =131072

e
o
———

o | 631% > 3.60%

Capacity (bits/sym.)}
o ©
> O

e
w
_———
—_———

Index

AWGN with E;/N, = 0.0 dB, Gaussian Approximation (GA)

19



U-UV Codes

Construction Initiatives

polarized subchannels

+ Rate R,€{0,1}

o o o e o o e o e e e e e e

Subchannels convey symbols

Subchannels convey codewords

subchannel capa. I(W)) € [0,1]

R SN S IR S TR
® ® ° ° \
N N
N 1/
[ [ ] ® [}
1D
YoM
N
[} [} [ ) [ )
\n :'/U-UVcodes
,: : Rate R, [0,1]

—— o o e e e e e e e e e e e e o

20



U-UV Codes

Encoding

Single level construction

U (n, ky, dy) V (n, ky,dy)

U | U+ V (2n ky + ky, min{2dy, dy})

@® - U codeword
O- V codeword
B - U-UV codeword

o
2

w25

Multi-level construction

0 (0) (0) (0) 0
v U Uy U Ugit,
Level O
Level 1
(€Y) (¢H)
U, U;
h h— h— h—
Level h: U§)==(U§i’JIU§i]J+-U2+35
(H-1) H-1

Level H-1 .U"\-/O u
Level H

U 28, ko + -+ kyr_y,d ?)

21



U-UV Codes -

BCH (511, 250): d = 63 m M'25
Encoding
CRC-polar (512, 254): d =16
do =3 dy =5 dy =7 d; =15 dy =7 ds = 21 de =27  dy; =63
BCH (63, k): k; = 57 51 45 24 45 18 10 0

U-UV (504, 250) d = min{2dy, dy}
d =20
do =2 d; =4 d, =4 d; =8 d, =4 ds =16 dg=16 d; =64
Polar (64, k): k;= 58 52 46 24 46 18 10 0

U-UV (512, 254)
d=16

22



U-UV Codes -

BCH (511, 250): d = 63 m M'25
Encoding
CRC-polar (512, 254): d =16
do =3 dy =5 dy =7 d; =15 dy =7 ds = 21 de =27  dy; =63
BCH (63, k): k; = 57 51 45 24 45 18 10 0

U-UV (504, 250) d = min{2dy, dy)
d=20
do =4 d, =4 d,=38 ds = 16 d, =8 ds =16  dg =32 d, = 64

U-UV (512, 249)
d=16

23



U-UV Codes

Encoding
Encoding in linear algebra ¢ = m gl
(0)
= e NONNPS 0
© -0 C2Ho1 (o)
Level O G G G2H_1
Level 1
o ¢V >
(1)
Gl
. W _ (-1 (h-1) , (h-1)
Level h: ¢, =(cy ley THC40)
(H-1) (H-1)
Level H-1 €o 1
W G

Level H

™ 2, kg + -+ kou_y, d)
G
0

TW’'25

Plotkin kernel F'=[(1) 1]

(0) (0) 0
© O © O
= |G Go ¢ = |62 G2
’ 0o ¢ ' 0 G(O)
'G(()O) GSO) Ggo) G(()O)'
0 0
c@_| 0 ¢ o G
° o 0o G2 GV
o 0o o G2
(H-1)  (H-1)
G(H) — Go G0
° o G

24



U-UV Codes

Encoding

Boolean seguences in encoding

Level O

Level 1

Level h:

Level H-1

Level H

FONNPORFEORIFO
1

’>< > s \<

g8 (xo) g (xo)

ggH)(x0-~

Xy-1)

(0)
Coi_g

cH-D

‘0\./0 ;

¢ @i kg + -+ kyu_y, d)

¢ = (080)' 4 050)) ¢ = (ch)’ SO CgO))
= (¢5"(0), g6”(1)) = (g7 (0), g" (1))

2) (x0 x1) = c(l) + c(l)

—901) (ﬂU ) ‘|‘9 )(330)371
(2) (080)’c50)+c§0)' (0) +cg°)’ (0)+c§0) +c(0) +c(0))

= (9§7(0,0), 9(2)(1 0),95”(0,1),95(1,1))

v

H

(H) 21 —1 i
(xo - xp_1) = XDi—g C;Tg «'E;}{ 1

cSH)=(98'”(0,0,...,0),93H)(1,0,...,0), g0 (AL, D)

25



‘ U-UV Codes

= Decoding

SC decoding: in light of a 2-level U-UV code

Received sequence:y = M (c(()z)) + w; M - binary modulation, w - AWGN

P(y.l c§2) = 0)
Pyl ¢ = 1)
——> ¢ =@l +e)

¥ =1n

A(1)
LG) = 1§ + (DALY Ly) = f o Lo vrzn)

L) O a0) L A0 A T
€ = Ieo" +&7) / \ / \ e = @1el” + &)

A(0) »(0) 0 1) ;1
1 =18+ (DAL, L = L) L) = L0+ CDELY, 1) = FA L)

0, *+n

b U U U

680) 650) ?:go) @go)

Loprioni comes from the Plotkin structure *

26



‘ U-UV Codes

= Decoding

SC-list (SCL) decoding: in light of a 2-level U-UV code

Decoding of component codes can provide plural outputs, e.g., ordered statistics decoding (OSD).

Path metrics

Correlation dist.:

(@)= Y|

j: Lgf})(1—2€£g))<o

Lgo) Lgo) Lg‘)) Lg‘))
Accumulated correlation dist.:
Josp 4k osp Joso ) osp
H_ a3 A
21 ! ey @™ e

~(0 0
Dy = Y @, L)
i=is

l <:| IxI|| - l <:| Ix1 l

27



‘ U-UV Codes

= Decoding

Decoding complexity & latency

L?
U-uV, SCL Polar, SCL
LLR update (FLOP)

C—)  o(nH2Y) 0(In2"log,(n2"))

LSO) LEO) L© Lgo) OSD (BOP)

@ OSD @ OSD @ OSD @ 0SD —> | o(12"k)

Path sorting (FLOP)

l [ %1 l [ x1 l
<::| <j |:> O(12H(T + Dlog,l)  0(Zkllogyl)

7;: the OSD order for U?,
i* = argmax{k;‘[i = 0,1,...,2% — 1},

Latency |2-2F —2+ 27 . Togp| 2-n2H -2

. H T ki
I: the maximum value of I;, I; = ¥ .1 (jl).

28



U-UV Codes o |

Decoding Performance

(504, 250) U-UV code over the AWGN channel using BPSK

1.E+00 1 1 1 1 1 1 1
—3-U-UV, SCL-0SD (4) (63, 57) BCH 5G NR, CRC-8
O —A—TU-UV, SCL-0SD (8) (63,51) BCH
L.E-0 e - ©-Polar, SCL (2) (63, 45) BCH
N - - Polar, SCL (4) (63, 24) BCH
X . N | --A - Polar, SCL (8) (63, 45) BCH
& 1502 E W\ : —NA (63, 18) BCH
e : NN
U-UV, SCL (8) (63, 10) BCH
BOPs: 2.7 x 10° (63, 0) BCH
. 6
1 E-03 FLOPs: 1.2 x 10
Polar, SCL (8)
BOPs: 8.3 x 10* U-UV  CRC-polar
FLOPs: 4.2 x 10*
d 20 16
1.E-04

1 1.5 2 2.5 3 35 4 4.5 5
SNR (dB)

29



U-UV Codes

1.E+00

FER

| MW’25
Decoding Performance
(504, 250) U-UV code over the AWGN channel using BPSK
T T Uuv.scosbo || 694250 U-Lv | | (512,256) TBC

) —4—U-UV, SCL-O8D (8) (63, 51) BCH

- G- TBC, WAVA (s = 8) (63, 45) BCH

- 8- TBC, WAVA (s = 11) (63, 24) BCH

- 45 - TBC, WAVA (s = 14) (63, 45) BCH

(63, 18) BCH

(63, 10) BCH

(63,0) BCH

1.E-03 |

1.E-04

1.E-02 [

L TBC, WAVA (s = 14)
" FLOPs: 2.5 x 107

U-UV, SCL (8)
BOPs: 2.7 x 10°

' FLOPs: 1.2 x 10°

TBC code: Tail-Biting Convolutional code
WAVA: Wrap-around Viterbi Algorithm
s : memory order

2.5

SNR (dB)

3.5

30




U-UV Codes

Decoding Performance

(252, 139) U-UV code over the AWGN channel using BPSK

1.E+00

—&—U-UV, SCL-0SD (2)
—=TU-UV, SCL-0SD (4)
—A—TU-UV, SCL-0SD (8)

-G-BCH, OSD (1)
1.E-01 -<>- BCH, OSD (2)
-4-BCH, OSD (3)
—NA
o ke
[ 1.E-02 .
= . U-UV, SCL (8)
‘\\ BOPs: 5.3 x 10°
‘., FLOPs:2.8x10°
1.E-03 R ©
A BCH, OSD (3)
BOPs: 1.6 x 108
FLOPs: 2.6 x 107
1.E-04

2.5

3 3.5 4 4.5 5 5.5
SNR (dB)

(252, 139) U-UV

(255, 139) BCH

(63, 57) BCH
(63, 39) BCH
(63, 36) BCH
(63,7) BCH
U-uv BCH
d 12 31

31




‘ U-UV Codes W

[P
]

ITW’'25

Improved Decoding

SCL-SCL (SCL2) decoding (in the paradigm of generalized concatenated codes)

LLRs

e —

g A
a

Outer SCL é Inner SCL

Decoder 1 8 Decoder 1
g I
g I
(€]

Outer SCL é Inner SCL

Decoder H 8 Decoder n
=
= I

/ | Bits ?
LLR update (FLOP): 0(Z%, " l;nlog,n)
Outer path sorting: og%f;l k;l;log,1;)
Latency: 2-2H —2 +2H.(2n—-2)

SCL-OSD
OSD (BOP): 0(127k;1")
Outer path sorting: 0(12"Tlog,!)
Latency: 2-2F — 2+ 25 - Togp

32



U-UV Codes

= Improved Decoding

Permutation SC (PSC) decoding

c(()o) c§°) Cgo) Cgo) CE)O) CEO) CSO) CgO)
9@ (x,x1) = c(()o) + cgo)x0+cgo)x1+cg0)x0x1 9@ (x0,x1) = Cgo) + cgo)x0+c§0)x1+cgo)x0x1
O a0 1O | 910 [ 04030010 | [@ [0, 0 [ 0100 [0 00 o

21 2H_1

o i - . -

g(H)(xo,xl, --'le—l) = z Cg )x(l)O "'xII:[H—ll :> g(H)(xO;xlﬁ ---;xH—l) = z cl('lo()i)xé)o ""X'IL-II-I—].1
i=0 i=0

c = (co, €1, Cori_y) c= (Cn(o)'cn(n, . CH(ZH_l))

33



U-UV Codes

Improved Decoding

Permutation SC (PSC) decoding

(LHo(O)' Lyiy1) ---'Lno(zﬁ—n)

d

L= (LoLy ... Lou_y) —>

Mo

l

—_—

SC Decoding

SC Decoding

SC Decoding

Advantage over SCL decoding: no path management

e(1)

c(2)

c()

It

n;t

-1
I—[l 1

 ——

w2

gl

[

¢ = arg min||L — ¢(s)]|
s=1,2,...,1

]
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Gll Codes

2_
x
;?“

data storage

= Structure: Nested codebooks

chip communications

= Component codes: RS / BCH codes

Gll codes: Generalized Integrated Interleaved codes

35



Gll Codes

= Construction Initiatives

Codebook (Co) and its nested ones ( C1, C5) C S Ci S C,

®

Minimum distances: dy = d; = d,

Error-correction capabilities: t, = t; = ¢,

36



Gll Codes

= Construction Initiatives

Codebook (Co) and its nested ones ( C1, C) C; &S CECy

20,0Co -+ 20,1C1 -+ 20,2C2 — é() = CQ

weight (e,) € (t1,]

X
7%

Co C Cs €

Co © CO

éOZZO’Oeo 20,0

z

@ 0.l @ C < CO

co € Cy 0.2

Project the decoding of €y onto C,

c, e C,

To— 20,070 + 20,1€C1 + 20,2C2

= Zo’o(CO + eo) + 20,1C1 + 20,2C2

:(~30+Zo,oeo -

e, 20,0, 20,1, 20,1 EF,

37



Gll Codes -

w2

Construction Initiatives

Codebook (Co) and its nested ones ( Cl7 Cz) C. & C < C

Z0,0€Co _|_zo,1cl -+ 20,2C2 — éo & CQ

Z1,0€C0 -+ 21,1C1 _|_Zl,262 = (~31 = Cl

X
Cy (&1 Co

e, weight (e) € (t1,t,]

c,ecC,

Project the decoding of €y and €1 onto Cs and C;

To = Co 1 Z0,0€0 T 20,1€1 € [éo} . {Zo,o Z0,1} [eo}

'rl:cl—|—z1,oeo—|-z1,1el él él €

20,0520,1920,2,21,0921,1521,2 € ]Fq

21,0 <1,1

38



Gll Codes

Construction Initiatives

Codebook (Co) and its nested ones ( Cl7 CQ) C,
In light of (15, 5) — (15, 7) — (15, 11) BCH codes
€y € (D)
weight(e;) 3 2 1
d= min{do, dl,dg} =3
(45, 23) GlI-BCH code (d =7)
€y € ()
weight(e;) 3 2 1
weight(e;) 1 2 3
weight(e;) 2 3 1

d= mln{?)do, 2d1,d2} - 7

welght(e,)

=
rs

/1 )
ITW’'25
Co: (15,11) BCHcode dy=3
C,: (15,7) BCHcode di=5
Cy: (15,5) BCHcode da=7

(45, 23) GII-BCH code
I (15, 5)-(15, 7)—(15, 11) BCH codes

1 1
2 2
3 3
4 4
weight| e, )
weight( e, )

39



Gll Codes J

Wi,
it

ITW’'25

Encoding

C)\EC)\flg"‘gclgCO

~ component codes ¢y, *,C,_1 € Co ) nested codes : Co,***,Cr—1
ZO,fyfl ~
m,_, '—>C,y_1 \ (N Cy) < C)\
. 20
dlm( nyfl) = ko :
: 0,A— g
0,0
m)\ — C)\ \ ,
dim(C)\) = ko
m, ——>¢C\_1 Ax—1,y—1
. Zr—1,X
dim(e,_1) = k
: Rrx—1,A—1
my Cy c1€C
— Zr_1.0 L/
dim(cO) = k)\
20,0 20,1 " Ro,4—1 Co Co

21,0 21,1 7 R1,4—1 (&) 1 : information

: parity-checks

Zx—1,0 ”a—1,1 " Zx—1,4y—1 C, 1

40



Encoding

Gll Codes

Codebooks

Generator matrices

Parity-check matrices

Dual codebooks

90
g

L k-1

Cx

f
G,

G,

H,

v

C\*

-

=

Cit
4
Gy
H, ,
v
Cr-1"

-

=

N

_h”*kxfl_

GG & G

t t

G, Go

H, H,

v v

Cit 2 (o
 H, , | [ Hp ]|

— hn—k)‘ T _ hn_ko
_hnfk)\fl _hnfk)\fl
H,\\,\—l I'IA\O
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‘ Gll Codes

= Encoding

C)\EC)\_lg"'gclgCO

- component codes ¢y, **,¢, 1 € C,
m,_, |—>C,y,1 \ C,_1 :u’y—lGO
dimension(¢,_1) = k,
m) — Ci \ C\ :'U;)\GO
dimension(e,)=%k
m, 1 ——>C\1 Cr—1 // H,
. . |
dimension(c,_1) = k; |
. |
v
m, — ¢ Co // H,

dimension(¢,) = k,
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‘ Gll Codes

= Encoding
C/\g"'gCQgclgCQ Hl
Generate €\ 1
20,0 20,1 " R0,4—1 Cy Co
z z e 2y c C
1,0 1,1 . 1,7 1 1 _ 1 =
L @x—1,0 ”x—-1,1 " “x—1,y—11LCy-1 L Cr—1_
B Ir H? 7 0
20,0 20,1 20,y—1 Coll;
T
21,0 21,1 T R1,4—1 c. Hi . 0
H? 0
L2x—1,0 ”x—1,1 Zx—1,y—11 [ Cy—1HL7 |
T e LT | T
_ _ _ . - _
coH; 20,0 20,1 " R0,a—1 20, 2o, a+1 " R0,y—11 c\Hi
[
T T
c.Hi _ 21,0 21,1 T R1a—1 21,2 Z1,a+1 Z1,7—1= ¢\ Hi
. - . . I :
ff = e i : :
T | T
. : ki L2x—1,0 2x—1,1 "°° Zx—1,A—1 LZx—1,A 2x—1,A+1 °°° Z,\fl,w—il c,Hi
L o o o e e e e e e
A—=D
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‘ Gll Codes

= Encoding
C,\§°"§CQEC1§CO H2 °ec H)\

Generate €C\—2

_ r o
s z z 20 coH
20,0 20,1 20,v—1 Co Co 0,0 0,1 0,71 0 :2r
~ Z z e 2y c.H
2170 z]-’l cese Zl,’y—l cl . cl €C2 1,0 1,1 1,v—1 1 2 —
p Zx—2,0 *”x—2,1 RaA—2,y—1 Cc HS
———R—— x=t7v=11 LCy—1 | €x—1_ R o e v 1552
erEm_—_—_—_——_—————m I ————————— 1
B T ] -1 ar T
coHs 20,0 20,1 """ Ro,a—2 i 20,A—1 20, 20,y—1 : c,_1H3
I
T T
c. H; _ 21,0 21,1 "t R1,a-2 : Z1,a—1 Zia T R14-1 : c. H;
. - . | . 1 .
r————————o————-————-———] | .
HZ ' : HZ
| C\—2117 | :_Z,\—z,o Zx-2,1 Zx—2a-2] L&x-2,a-1 2x-2,A Zr—2,y—11 LCy—1H2 |
T A—2) T T T1T 7
c,_Hy =7 [C,\—1H2,CAH2,"',CW—1H2]
|
|
|

Generate ¢

T (0) T T T T
coH,=m [Cl 2y C2 A,"'ac'y—lH)\]
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‘ Gll Codes

= Encoding

C,\§°"§CQEC1§CO

C\-1

|
|
I
Cr—it1 v

T ,__(A—1%) T T T1T -
e Hi =7 "[en_; 1 Hi yen_ i o H; ooy 1 H M, 1=i=A

i l

Non-systematic encoding Systematic encoding
C,_;,— [mAfiam)\fi]GO c_i=[m,_,, CA—z']
Y

dim(m,_;) =k, < k, HT—{ P, }
R |
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‘ Gll Codes

= Encoding

Non-systematic encoding C, <& - S Cy, & C; € C,

(=i T -1
m'_, = gAY [C,\—i+1Hi\o,C>\—z'+2H;"r\o, ,07—1HiT\0] T(Go\iHiT\o)

m— — —

m,_, '—>I({C’Yl:m71GO\I -\
|
| |
m, —l c, = m, Gy /I
v T
my_ . m'y_, '—>|\C\,\71: [m,_, m’)\—l]GQ'
e
N\ | |
m, - m'y_o '—>{CA_2: [my m'A—z]G0|
/
\\_n—— ———-/
—

my m/y — cp=[my, m/y]G,
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‘ Gll Codes

= Encoding

Systematic encoding C,E---CS(C,EC,EC,

C)\fi:m/\fiPi+7T(/\_i)[c/\fi+1HzT)c)\fi+2HzT7"'ac’ylezT]T
7~ EN N
G 3
Cy-1] m, Cv—l ‘
|

|_

I_

C, \ m, @ I_
~ /|

c)\—l \ m)\—l C)\—l |J:_
< 7|
Cr_o m) - C)\—2 §
. /
N //
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Gll Codes

= Decoding
Successive Decoding in light of ¥ =3, A =2, C,CC,SC,y
Decoding round-0 in C
Decoders

weight (e;) €[0, %] .
0
coe Co C‘P o' (ry) ® succeeds
Welght (el) S (to, tl] e e
c,eCy '\®— d1(r) \® fails

weight (ey) € (t1,t,] e
6 C, o1 (r,) fails




Gll Codes

= Decoding

Successive Decoding in light of ¥ =3, A =2, C,CC,SC,y

Decoding round-1in C,;

——

[ Decoders )
Cy € C() éO : I
€ |
weight (e;) € (to,1] (O AN —:— &' (r,co) —:—@ succeeds
& 60662gcl éoECl I I &1
C < CO I I
. (=) I 2
Welght (62) = (tl, tg] I I
W &) I o ('rg, Co) I fails
. C
c.eC e | | *=2
Co & CO ! ! ! ' \\ /}

~ 71 ~
20,0 0,1 <0,2 Co 20,1 <0,2 €y €
c]_ p— - | } - p— ———}
21,0 <1,1 <1,2 C 21,1 <1,2 € €
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Gll Codes Y,

ITW’'25

= Decoding

Successive Decoding in light of ¥ =3, A =2, C,CC,SC,y

Decoding round-2 in C,

Co € C() —_————
N ( Decoder )
€o € | |
I
c,eCy @ \/ @ U H®™ (rz,co,cl)—:—Q Succeeds
weight (e,) € (t1,1,] &€ Cy éo € Cy I\ ] Co
~—_—— — —

CQECO
Co
[2070 20,1 20,2] ci|=¢y —————- —»> 26,12&0:62 _______________ >
C

Lapriori comes from the nested codebook structure *
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‘ Gll Codes o

S AL [P
[l FON )

ITW’'25

= Decoding

Successive Decoding depends on

# nested codes

] Co ~ -1
|:Z0,0IZO,1 20,2:| {Co} _____ . {ZO,I 20,2}

21,1 <1,2

# remaining components after round-0

a) Submatrix of [ A ] being invertible

al1) # remaining components after round-0 < # nested codes
a2) full rank

b) Decoding being progressive

@71('?0) ——= (I)_l("'laco) - (I)_l(’r'2700ac1>
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‘ Gll Codes

= Decoding Performance

Decoding performance over the AWGN channel using BPSK

1.E+00 T T T T
d i -
Multiple RS codes, BM Multiple RS (252, 82) GII-RS
i —+— GII-RS code, BM (63,31) RS C, (63,31)RS
1.LE-01 —©=—Single RS code, BM__ | | (63, 19) RS C, (63,19)RS
i (63, 17) RS Cs (63,17) RS
(63, 15) RS C; (63,15)RS
1.E-02 | .
» _
= ] Single RS
1.E-03 £ . (255, 83) RS
1.E-04 £ ;
i Multiple RS  GII-RS  Single RS
d 33 49 173
1.E-05 ' . . !
6 6.5 7 7.5 8 8.5

SNR (dB)
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‘ Gll Codes

= Decoding Performance

Decoding performance over the AWGN channel using BPSK

1.E+00 T T T T T
f : -
i Multiple BCH codes, BM | Multiple BCH (252,138) GII-BCH
—+— GII-BCH code, BM j (63, 45) BCH C, (63,45)BCH
1.E-01 £ —=—Single BCH code, BM | | (63, 45) BCH C, (63,30)BCH
i : (63, 30) BCH C, (63, 18) BCH
(63, 18) BCH
1.E-02 £ i
- g
= ] Single BCH
1.E-03 £ . (255, 139) BCH
1.E-04 ¢ 3
i Multiple BCH  GII-BCH  Single BCH
d 7 21 31
1.E-05 : : ' : :
3 4 5 6 7 8 9

SNR (dB)
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Gll Codes

= Improved Decoding

Component code decoding: BM > GS

BM algorithm Q(z) =A(z)S(z) mod z°

v
o>
1
o

If weight (e) < {%J,

e=e/c=c

|
[
[
[
[
|
[
[
[
|
[
v

GS algorithm  Q(z,y), y —m(z) | Q(z,y)

> m/e If weight(e) <n— b/n(n—d)J —1,
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‘ Gll Codes

= Improved Decoding Performance

Decoding performance over the AWGN channel using BPSK

1E+00 F T T T T ]
¢ Multiple RS codes, BM | | Multiple RS (252, 82) GII-RS
j\ — © —Multiple RS codes, GS | | (63, 31) RS C, (63,31)RS
LE01 | - _gﬁ:ig zggz 224 : (63, 19) RS C, (63,19) RS
N —5— Single RS code, BM | | (63,17) RS C, (63,17) RS
— & —Single RS code, GS 1 (63, 15) RS C; (63,15)RS
1.E-02 3 9
5 ' ]
=) AN J .
N\ Single RS
1.E-03 | |
: ' (255, 83) RS
1.E-04 F y
: Multiple RS GII-RS  Single RS
+
b d 33 49 173
1.E-05 ' : : '
6 6.5 7 7.5 8 8.5

SNR (dB)
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End / Beginning ...

= Classic Algebraic Structures and Codes

= Hamming Domain and Codebooks

= Finite Fields

are the Cradles for Improving Code,

especially when decoding latency & / power

consumption become critical, and when soft
information is absence.
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U-UV Codes e |

w2

Improved Decoding

SCL-SCL (SCL?) decoding performance over the AWGN channel using BPSK

1.E-01 . : :
—e—U-UV, SCL? (2) (512, 250) U-UV
—5-U-UV, SCL? (4) (64, 57) eBCH
~©-U-UV, SCL-0SD (2) (64, 51) eBCH
it 64, 45) eBCH
—=-U-UV, SCL-0OSD (4) (64,45) e
- © - Polar, SCL (2) (64, 24) eBCH
e - & - Polar, SCL (4) (64, 45) eBCH
= 1LE-03 (64, 18) eBCH
U-UV, SCL2 (4) (64, 10) eBCH
BOPs: 2.27 x 10° (64, 0) eBCH
" . FLOPs: 8.08 x 105 !
1.E-04 | : ‘o
C N .
U-UV, OSD-SCL (4) . 512 250) polar
BOPs: 214 x 106 — = ( )p
FLOPs: 5.20 x 105 5G NR, CRC-8
1.E-05

2 2.5 3 3.5 4
SNR (dB)
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U-UV Codes

I}
=W
'25

Improved Decoding

Permutation SC (PSC) decoding performance over the AWGN channel using BPSK

New design Original design
1.LOE+00 ¢ .
: —6—CL, PSC-OSD (2) ¢, (504, 270) C, (504, 268)
001 | —5—C1, PSC-OSD (4) (63, 57) BCH (63, 57) BCH
\ -0 - C2, PSC-0SD (2) (63, 51) BCH (63, 51) BCH
X - -8 C2, PSC-0SD (4) (63,51) BCH (63,51) BCH
1.0E-02 L (63, 24) BCH (63, 30) BCH
~ (63, 51) BCH (63, 45) BCH
3 (63, 18) BCH (63, 18) BCH
1.0E-03 (63, 18) BCH (63, 16) BCH
(63, 0) BCH (63, 0) BCH
1.0E-04 ¢
1.0E-05

3
SNR (dB)




‘ Gll Codes

= Encoding

Non-systematic encoding C,C---CC,SC, S,

Generate €, (0<i<<))

Cr_;— [m/\—z‘am;\—i]Go

—=1
m,_; | m'_, |
«_—_/

T _(A—i T T TT .
c,_H; = 2)|:C,\—i+1Hz' yCr—iyoHi e 1 H; 1", 1=i=A

T __ [} T
c,._.H; = [m)\—i m /\—i]GOHz’

v

(A= T T T 1T T \-1
m'/\fi_ﬂ-( Z)[C)\fiJrlHi\O)c/\fiJrQHi\O)"'7c'ylei\O:| (GO\iHi\O)
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‘ Gll Codes

= Encoding

Systematic encoding C, &S (Cy, & C, & Cy

Generate ¢,_;, (0<i<<)\)

C\_;— [m,\—i, CA*Z'J

£ ==\
Cr—; m C)\ i I
dim: k; dim: I\n— 2j|
Gz: [Ikl Pz]
C,\—in'T:7T(/\7i)[CA—1+1H;TF,CA—2'+2H;"F7"'707—1H;"F]T . P.
H = '
' |:In—kl:|

[m. CJ[ } a0 es BT er i oHT e e HT]T
n k;

v

_ A—i T T TT
C)\—i_m)\—iPi—i_ﬂ-( ) [en_ i HY jen i o H; ooy Cy—1 H ]
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Gll Codes

= Enhanced Chase Decoding

Component code decoding: hard-decision = Chase

Round 0 Round 1 Round 2
s N\ s T T T T RN s N\
( Decoders | { Decoders | { Decoder I
| I I | I I
I (1) | I | I
| ’ | | ® (1, ¢0) | | |
I I I I | (I)—l I
I @71 (7’1) I I I I ("'2,60,01) I
| L | (e | |
| & (ry) | L |
| | \ | \ |
N / ~ _/ N~ _/
Error probability: P P P,

be:maX{Pfo,Pfl’sz} m=m,+1
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‘ Gll Codes

= Enhanced Chase Decoding Performance

Enhanced Chase Decoding performance over the AWGN channel using BPSK

1.E+00 F T T T T T
g ] 2521 [I-BCH
: —o— Chase decoding (=12, 3,3], 7T=40)| 1 (252,138) GII-BC
q —8—ECD (g=[3,1,2], T=40) ] C, (63,45)BCH
L E-011 — © —Chase decoding (=12, 3, 6], T=96) : Cl (63, 30) BCH
— 85 "ECD(n=1[4,3,4],T=96) ]
C, (63, 18) BCH
1.E-02 ¢ 1
» g
=
£
1.E-03 | i
1.E-04 £ E
i Maximum number of test vector: T
LE-05 Flipping vector: )
3 3.5 4 45 5 5.5 6

SNR (dB)
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