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= Reed-Solomon Codes

Grobner Basis

= Key Equation Based Decoding

Curve-fitting Based Decoding

= Foresee
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Applications

Visible light communications Optical communications
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Finite field: F,= {0, o, ... , 092}, where o is its primitive element // Poly. rings: F[x], F,[X, Y]

For an (n, k) RS code
message f = (f,, fy, ..., fi.1)
orasin f(x) =fy+fx+---+f_xk?t

codeword ¢ = (f(ay), f(ay), ..., f(a,.,))
NN AN
Co C,

C
(ag, 0y, --., y4) belong to F \{0} and

n-1
called code locators

Example 1 For a (7, 3) RS code over Fq4

Message f = (0, 2,5), or f(x) = 2x + 5x?

Codeword ¢ = (f(2), f(2), f(4), f(3), f(6), f(7), f(5))
=(, 6, 0 1, 6, 1, 7

« Fgis an extension field of F,, defined p(x) = x3+x + 1
* InFg, {0, 0% 0%, 0?, 03, 0%, 0% 0% ={0, 1, 2,4, 3,6, 7, 5}
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The channel

o Transmitc = (cy, Cq, ... ... , Cn.p)s inpoly. c(x) =cy+ Cyx + -+ -+ ¢ XML
o°  §n r

o Channele = (ey, €4, ... ... , €,1), iInpoly.e(x) =e,+ex+- - +e X"

o Receive w = (wy, wy, ... ... , Wy,.1), In poly. w(X) = wy+ w;X + -+ w, X"t

o Hamming distance d(c, w) = [{j | e; # 0}| (the number of errors introduced by the channel)

Syndrome based decoding

o Error-correction capability: t < |(n — k) / 2]
Curve-fitting based decoding

o Error-correction capability: t = |(n — k) / 2]
Probability based decoding

o Process soft received information to improve decoding performance
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= Ideal / module (I) — submodule (Q,) — basis (<**">) — Gr6bner basis (G)
= Given a point (a, B)
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Submodule Q.:
Q.= {Q(x,y) | Q € I and deg,Q < s}, and

Q =2 QapX®Y° = Qo+ Qppy ++ Qs.py®* € FylX, ¥, where Q(; € F[X]

Vector representation of Q:

Q= Qg+ Quy *++ Quey** © Q= (Qpop» Qpupy --+» Qpsap) € FylXI°

Ordering of Q:

o (1, w)-weighted degree of x2y®: deg, ., x?y*=a+b - w

o (1, w)-reviex order: ord(xayP1) < ord(x2yP2), if deg..< deg.. or deg.. = deg.. & b, < b,
a (1, w)-weighted degree of Q: deg, ,,,Q = max{deg W)x<’ﬂ‘yb| Q. # 0}

o Leading order of Q: lod(Q) = max{ord(xay®) | Q,, # 0}

o Leading position of Q: LP(Q) =max{i| deg, ,)Q = deg,Qy + i-w, Qy # 0}

Q;<Q, & lod(Q;) < lod(Q,)
Q; <Q, & deg, ,\Q; < deg ,\Q,, or deg, ,,,Q; = deg; ,,,Q, and LP(Q,) < LP(Q,)
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Example 2 Given w = 2. Let Q,(X, ¥) =1 + 3xy + 2x2y?, Q,(X, y¥) = 3x + x4y + 2y? € F¢[X, V],
they can be presented in F;[x]®as

Q.=(1, 3%, 2x?), Q, = (3%, x4, 2)

For Qq,

deg; »Q; = deg »X°y* = 6, lod(Q;) = ord(x?y?) = 15, LP(Q,) = 2
For Q,,

deg »Q; = deg, ,x*y = 6, lod(Q,) = ord(x*y) = 14, LP(Q,) = 1
Therefore,

Q,<Qp,0rQ,<Qy
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Grobner Basis

= Givenabasis of Q: G ={Q,, Q,, ..., Q. } € Q,, it can be represented in (light of s = 7)
@
LPs

N2

% LP(Q) # LP(Q), V 1#]

—g4 (Q,, Q,, ..., Q. )Tis in weak Popov form
x5

(%

<&

= G is a Grobner basis for Q, and

Qs: <Q1’ QZ’ ey Qs>
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Example 3 Continue from Example 2

Given Q, = (1, 3x, 2x?), Q, = (3x, x4, 2), Q5= (4x5, 2x3, 3x).

deg»Q; =6, LP(Q,) = 2, deg; ,Q, =6, LP(Q,) = 1, deg; Q3 =6, LP(Q3) =0
Therefore,

1 3X 2x2 |
3x x4 2
4x6 2x3 3x
l.e.,
LP(Q;) # LP(Q,) # LP(Q5),

Therefore, {Q4, Q,, Qs} is a Grobner basis of submodule < Q,, Q,, Q3>
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= Decoding of Reed-Solomon codes can be seen as
Finding the minimum poly. in the ideal I, or submodule Q

. . _ Polynomial construction
Syndrome based decoding: Curve-fitting based decoding: ~

minimum poly. A(X) minimum poly. Q(X, y)

AV 4
GrObner basis

Q Gbner BaseD VAN

Module basis reduction
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Syndrome:S; = w(0), S, = w(0?), ..., Sy,= w(0?), 2t=n -k
Syndrome polynomial: S(x) = S; + S,x + ... + S,x?1
Error locations: X;, X,, ..., X,

In light of a (7, 3) RS code, (Cy, Cy,|Cy{ Cg, Cy4yl Cs| Cg), X{= 02, X,= 0°. erroneous sym.

The error locator polynomial:
AX) = (1 —xX)(L-xX,) -+ (L -xX) =1+ AXx+ - + AX
AXpD) = AXp D) = - = AXD) = 0.
Peterson-Gorenstein-Zierler Alg. (1960), Berlekamp-Massey Alg. (1968), Euclidean Alg. (1975)

Determine the error locations: Chien search
Determine the error magnitudes: Forney’s algorithm
Error-correction capability: t < [(n — k) / 2]
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From Grobner Basis Perspective

= Error evaluator polynomial:

4 N(X)
[/V(X) — zjzl eij /‘//(1 _X)(j)

[ Key equation: S(x)A(x) = Mx)(mod x°%) ]

BM Alg. Euclidean Alg.

« Known: S(x) « Known: S(X)

* Unknown: A(x) « Unknown: (A(x), Mx))

» Module basis: { A(x) } « Solution module basis: {(1, S(x)), (0, x2Y}

N 7

Grobner basis of the module
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Polynomial Construction Berlekamp-Massey Algorithm (1968), Kotter’s Algorithm (1996)

- Syndrome Based Decoding: A(X)

A4

Grobner Bases  __
4\

—  Curve-fitting Based Decoding: Q(X, y)

Module Basis Reduction Euclidean Algorithm (1975), Lee—QO’Sullivan Algorithm (2006)
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Berlekamp-Massey (BM) algorithm

Error locator module: < A(x) >
Goal: Find the Grobner Basis of < A(x) >, i.e., the minimum polynomial A(x).

A

P P

3

A A

S. > Sj-l SJ'2 oo Sj't > Sj-t'l’ Sj't-Z’ "y Sl

Linear Feedback Shift Register
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Example 4 Continue from Example 1,

Given the (7, 3) RS codeword, the received word is
w = (7,6,3,1,6)|4,7)

With the received word, we can calculate syndromes as
S, =w2)=1,5=w4)=5,5=w@)=5,5=w6) =1

Berlekamp-Massey algorithm produces

r I z A(X) T(X) A
0O 0 -1 1 X 1
1 1 0 1-x X 4
2 1 O 1-5x X? 2
3 2 1 1-5x-2x2 5X - 7x? 7
4 1-3x-x2 5x2- 7x3

The error locator polynomial is 4(x) =1 —3x— x*. In Fg, 7 (0°) and 4 (0?) are its roots.
Therefore, w, and w; are erroneous.
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Polynomial Construction Berlekamp-Massey Algorithm (1968), Kotter’s Algorithm (1996)

- Key Equation Based Decoding: A(X)

A4

Grobner Bases  __
4\

~— Interpolation Based Decoding: Q(X, V)

Module Basis Reduction Euclidean Algorithm (1975), Lee—QO’Sullivan Algorithm (2006)
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The Euclidean algorithm

Key equation: S(x)A(x) = M(x)(mod x?9)
Solution module basis:{(1, S(x)), (0, x29}
Goal: Find the minimal (A4(x), M(x))

Perform row operations over F,[x] on [(1) S)((ZXB , until a weak Popov form is reached

1 S(x) FOO(X) §01(X)
0 xt §10(%) &1 (%)

If deg &,(x) + deg&y,(x) > degé;((x) + deg&,;(x)

A(x) = §;y(x), and Mx) = &;,(x)
Otherwise,

A(x) = §yy(x), and Mx) = §y,(x)



Syndrome Based Decoding

Example 5 Continue from Example 4,

The syndrome polynomial is S(x) = 1 + 5x + 5x2 + 1x3

Solution module basis is

1 1+5x+5x2+ 1x3]
0 x4

Reduce the above basis into a Grobner basis as

1+3x+x2 1+6x
7Tx+7x 7X+ x2

and the error locator poly. is
Ax) =1+ 3x+ X
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Syndrome Based Decoding - Chase Decoding

Test-Vectors Formulation

o Reliability matrix

Wy W "Wy

Moo Toa o1

Mo T4 LLET]
n-=

Mg1,0 Mg11 " Mgan-1
o Reliability sorting

> >0 >N
b, 2p, 2 20,

— 1924-2024 ——— f; - \
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- -
Il

2 The two most likely decisions for c;:
0o

| = —
i w;'= 0. B, = arg max;{ m, ;}
1
: Il = —
Wy = G, B, = arg max; ; ¢ij'{ i}
: 0 The symbol-wise reliability metric :
GQ'l TrBl
;= and p, € [1, <)
TrBz’j
(Ujo’a)jl’ ’a)ln-l

A greater p; indicates the received information of w; is more reliable
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Test-Vectors Formulation

o ldentifying n least reliable symbols, 27 test-vectors are formed.

w. = ((,U_(U) wW o W W . U).(U)) 1<u<2
—u Jo ’ I ' ! Jn-l]—l ! n-n ! 1 Jn1 ) - -
/] /o \
I 1 il y 1l
a)lol CUJll a)jn—n—l wjn—n or w]n_,] a)Jn—l or wjn-l
Decoding
Wy > | Syndrome based decoding -
W + | Syndrome based decoding > ¢,
Won + | Syndrome based decoding > Com
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Guruswami-Sudan (GS) algorithm

a Code locators (a,, ay, ..., 0,1)

o Transmit ¢ =(Cy, Cq, -+, Cpq)

o Receive w = (w,, Wy, ..., Wy 1)

o Interpolation points: (a,, wy), (ay, W,), -.., (A1, Ws.1)
o Interpolation multiplicity: m

Interpolation ideal I, : a set of all Q € F[x, y] which have a zero of multiplicity m at the
above interpolation points

o Designed decoding list size: |, | = deg,Q

Interpolation module Q;:
Q el

m

Goal: Find the Grdbner basis of Q,



— 1924-2024 ——

Curve-fitting Based Decoding Il £2x% 22 (s

R i .
——  SUN YAT-SEN UNIVERSITY v

Guruswami-Sudan (GS) algorithm
Interpolation: Generate a minimal polynomial Q(X, y) in the interpolation module Q,
If w; =c¢;, (X - a)™ | Q(x, f(x)). Hence, T;.,-(X - a)™ | Q(x, f(x))
Root-Finding: Find the y-roots of Q(X, y). If the decoding succeeds, the intended message f(x) can
be found in Q(x, f(x)) =0

If m [{j: w, = c}| > degQ(x, (X)), Q(X, f(x)) =0

The decoding corrects n - [{j: w; = ¢}| = |[(n = k) / 2] errors



Curve-fitting Based Decoding

= Why if w, =c¢;, (x-a)™ | Q(X, f(x))?
= Point (a;, w)) = (q;, f(a))
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Polynomial Construction Berlekamp-Massey Algorithm (1968), Kdtter’s Algorithm (1996)

—  Key Equation Based Decoding: A(X)

A4

Grobner Bases  __
4\

— Interpolation Based Decoding: O(X, V)

Module Basis Reduction Euclidean Algorithm (1975), Lee—QO’Sullivan Algorithm (2006)




Curve-titting Based Decoding Tl rons ween (G52

O™ 'y
——  SUN YAT-SEN UNIVERSITY v

Kotter’s interpolation

Interpolation points: (ay,w), (a,,w,), ... ... , (a.1,W,.1)

Decoding parameter: m, /

Determine Q(X, y) in the Grébner basis of interpolation module Q,

Initialize G = {g©, g1, g@, ..., g0} ={1,vy,vy? ..., vy}
Iterative polynomial construction
For each point (a;, w;)

{
Testif g0(x ) = 3, . 89 (x— @)y — w)P6,,(x ), for all h
For those that are not
{
Modify them using bilinear modification, e.g. £7(x, y) (x— a)=> g"(x, y)
}
}

A%, ) = min{g"|g" € G}
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Example 6 Given locators a= (1, 2, 4, 3, 6, 7, 5), codeword c=(4, 6, 6, 0, 2, 4, 0),

Received word w =

(7,

6, 6, 0, 2,

31

3)

Interpolation points (1, 7), (2, 6), (4, 6), (3, 0), (6, 2), (7, 3), (5,3)
Letm =4, then|=7.Initialize G ={1, y, V2 y3, y*, y°, ¥, y’}. Kbtter’s interpolation produces

j (a,B)| Ao Ay A, Az Ay Ag Ag A, I* G
0 [(0,0] 1 7 3 2 5 6 4 1 0 {Xx+1, y+7, y?+3, y3+2, y*+5, y5+6, yo+4, y'+1}
1 [(©O,1] O 1 0 3 0 5 0 4 1 {x+1, xy+y+7x+7, y>+3, y3+3y, y*+5, y5+5y, yo+4, y’+4y}
{X+1, Xy+y+ e, y2+Xy2+ e, y3+7y2+ e, y4+5’ y5+5y’
2 0, 2) 0 0 1 7/ 0 0 5 6 2 Yo+BY 2t Y4B+ 1)
{4y7+4x3y6+,_,’ 5xy7+7y7+,__’ 3x3y6+xzy6+...’ 3x3y6+6xzy6+...,
69 (4s 0) 5 5 1 1 1 O 0 4 S 3X4y6+6X3y6+'°', 7y7+3X2y6+...’ 7Xzy6+6xy6+...’ 3xy7+6x3y6+...}

QX y)=(bx +6x%+ .. +7x®) + (4 + 7x + ...

+ 6xBB)y + ... + (6 + 6X + 3X2)yo+7y’

Root-finding: Q(X, y) 2 {1 + 7x + 6x2, 2 + 3X + 5x?, 2 + 6xX + 3x?, 3 + 5X + X?, 7 + 2X + 6x?}
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Polynomial Construction Berlekamp-Massey Algorithm (1968), Kotter’s Algorithm (1996)

—  Key Equation Based Decoding: A(X)

A4

Grobner Bases  __
4\

— Interpolation Based Decoding: O(X, V)

Module Basis Reduction Euclidean Algorithm (1975), Lee—QO’Sullivan Algorithm (2006)
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Curve-fitting Based Decoding

Module basis reduction interpolation
Lagrange poly. w.r.t. a,

n—1 X—a; L'(“") :1/j/:j
_ g AN/
L](X) o a,; — Aa:s /
J'=0,/'%] J 7 Lj(a]/> =0,/"#)
Seed polys.:
n—1 . n—1
Gle_[ xX—a;jl=x"-—-1, RX:Z wil(x
(%) ,-_ﬂ( ) (%) o UH)
Note that R(q)) = w, y — R(x) interpolates (a;, w))

Generators of interpolation module Q;:
P (X, y) =GX)M(y - R(X)), 0<s<m

P,(x, y) =y"™(y - RO))™ , m<ss<l|
Note that Py(x, y) interpolate (ao, wo), (ay, wq) ,......, (Any, wyy) with a multiplicity of m
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Example 7 Decoding the (7, 3) RS code using module basis reduction interpolation
withm=4and /=7

Locators a=(1, 2, 4, 3, 6, 7, 5)
Codeword c=(4, 6, 6, 0, 2, 4, 0)
Rex Word w =[(7] 6, 6, 0, 2,|3,/|3)
Interpolation points (1, 7), (2, 6), (4, 6), (3, 0), (6, 2), (7, 3), (5,3)

Seed polys.

G(x) = (x-1) (x-2) (x-4) (x-3) (x-6) (x-7) (x-5) =x"-1

R(X) = 7Lo(X) + 6L, (x) + 6L,(X) + OL3(x) + 2L,(X) + 3Ls(X) + 3L4(X)
=5+ 7X+5x2+ 7x*+ 3x° + 4x°

Module generators

Po(X, ¥) = G(X)%, Py(X,¥) = G(X)3(y — R(X)), Pa(x,y) = G(X)*(y — R(X))?
P3(X, ¥) = G(X)(y — R(X))?, P4(x,y) = (y—R(X)* Ps(X,y) =yly - R(X))*
Ps(X, ¥) = Y2y — R(X))*,  P.(x, y) = y3(y — R(X))*
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= Module Q, is

1+ x28 0 0 0 O 0 0 O

S5+7x+ ... +4x2T  1+x"+xM¥+x2 0 0
7+3x+ ... +6x% 0 1+ x4 0 0 O
0 0 0 3+5x*+...+2x* 0 0 0 1

= Map @, = Q, diag(1, x2, ..., x14)

(1 + x?8)1 (0)x? (0)x* ()G (0)x*?2  (0)x*4
B+7x+...+4x2)1 (1 +x’+xM¥+x2)x?  (0)x* () )G (0)x*2  (0)x*4
(7 +3x + ... +6x%9)1 (0)x? (1 + xH)x4 ()G (0)x¥2  (0)x*4

(0)1 (0)x? (0)x* (3+5x*+ ... +2x2H)x6 ... ... (0)x*2  (1)xt




T

Curve-fitting Based Decoding i

= Basis reduction: a row reduction process that brings ®-, into the weak Popov form

= A Mosaic visualization of basis reduction

HEEENE B B
HEE EEEEEEE EEEEm
QUG Y) = (2X+ X2+ L 3XB) + (7T +x2+ ... +4xB)y + ...+ (3 +4x + 3x3)y°®
= Root-finding: Q(x, y) 2 {1 + 7x + 6x2, 2 + 3x + 5x?, 2 + 6X + 3x?, 3 + 5x + x?}

Vo™ X 2\
ff o )
¥ x »% ﬂ_* 2a it (2G5
1()0tl VERSARY N &/

T-SEN UNIVERSTTY
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Re-encoding Transform (ReT)
o Transform the original interpolation problem to a reduced interpolation problem
o Choose k symbols

(For hard—decision decoding, the first k symbols can be chosen for simplicity)

erasure decoding

h] - Cl)j, |f] - 0,1, ...,k —1 h — (hO; hl; "')hn—l)
o Re-encoding transform 2 The transformed vector
0, j=01,..,k—1.

z=1(0,0,..,0,z4, ..., Zpy_1)
zj =10~ h 3 B
J

= J=kk+1,...,n—1.
V(a;j) V(a;j) k points are set to zero

V(x)=1lj=04,., k—l(x — “j)
Their interpolation constraints are satisfied by V(x)™

Only need to interpolate n — k points: (ay, zx), (@41, Zkk+1)5-+-» (Xn—1,Zn_1)



Curve-fitting Based Decoding -- ReT Tl % veen (G

e SUN YAT-SEN UNIVERSITY

Module Basis Reduction with ReT
Let us have a look at the module seeds

2 Gx) =|(x —ag) (x—aq) . (0 — @) (x —ag) ... (x — an_y)
o Since 30 =231 =" =3k-—1 = 0

R(x) = zygLy + Z41Lles1 + -+ Zn-1ln—1

(x —ap)(x —aqg) - (x — ap-1)(x — Agyq) - (x — @y—1)

Ly (x) = (ax — ag)(ax — ay) - (ax — ax—1) (@ — Ag41) - (@ — Ap_1)

(x —ap)(x —ag) - (x — agp-)|(x — ag) - (x — ap_q)

Ly (x) =
fett (a1 — ap)(@psr — ag) - (Apqq — A1) (Agp1 — ) - (A1 — Ap—q)

(x —apg)(x —ag) - (x — ap_1)(x — ag) - (x — ap_3)

bn-1 (%) = (n-1 — ap)(ap-1 —ay) - (an-1 — A1) (an-1 — ar) - (An-1 — an_3)

o V(x)= Hj=0,1,...,k—1(x — aj) becomes a GCD for both G(x) and R(x)
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Module Basis Reduction with ReT

With V (x)= Hj=0,1,...,k—1(x - a]’)

Let

6 . R®
=y F@Ern

The interpolation complexity is reduced by a factor of %

An isomorphism of module can be created by
Py (x,y) = G*(x)"5(y — R*(x))",if 0 < s < m.

Py (x,y) = V(x))S™(y — R*(x))m Jfm<s <.

Basis reduction and restoration: Q(x,y) = Q* ( o )) Yvx) T Y= =01, k- 1(x )
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= Algebraic Soft Decoding (ASD)

M | Reliability Transform | M | Interpolation | Root-Finding |
n—-Mm Q(X, y) Q(x, f(x))
A
- I
Kotter’s Basis Red.

Interpolation Interpolation
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Reliability matrix M — multiplicity matrix M transform

0.02 0.10 0.02 0.11 0.05 0.02
0.01 0.05 0.01 0.05 0.71 0.01
0.00 0.03 0.11 0.01 0.09 0.56

n-= 0.12 0.02 0.02 0.00 0.00 0.38
0.03 0.01 0.00 0.10 0.10 0.00

0.00 0.74 0.83 0.03 0.00 0.02
0.80 0.05 0.00 0.02 0.02 0.01

" 0.02 000 0.01(0.68)0.03 0.00 0.01]

0.08
0.31
0.42

0.13
0.01

0.01

Channel transition prob. Pr(w; = - 1 ¢)

0.03

Interpolation points: Multiplicities
1,7):6 (2,6):5 (4,6):6 (3,0):5
(6,2):5 (7,3):4 (7,4):2 (5,2):2

(5,3):3 (5, 4): 1

Interpolation
multiplicity for

(3.0)is 5. Designed list size: |
Interpolation module: Q,
1 2 4 6 7 5
"00o0(5)000]o0
000O0O0OO0OO0]|12
000O0502]|2
000O0O0A43]|3
M=l ooo0oo0021]4
0000O0O0OO0]S5
056 0000O0]6
6 0000O0O0]|7




Curve-fitting Based Decoding -- ASD Tl tossvees (G

b 3! Eoay /
e~ SUN YAT-SEN UNIVERSITY N oS

ASD algorithm using Kotter’s interpolation (ASD-Kotter)
Interpolation points: {(a;, 0;), m; # 0}
Determine the minimum polynomial Q(X, y) in Q,

Initialize G = {g©, g®, g@, ..., g} ={1,y,y2 ..., y'}
For each point (a,, o)

{
Testif gM(X, y) = Larpam;, 9POA)AY- 0)°O(x, y), for all h
For those that are not

{
Modify them using bilinear modification, e.g. g"(x, y)(x - a) = g"(x, y)

}
Q = min{g® | g € G}
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ASD with basis reduction interpolation (ASD-BR)
Point enumeration

[

0 O OO0 oo oo
©C 0O OO0 OO0 oo
OO OO0 OO0 O ul W
OO OO0 Out OO O
O O O Fr wNh OO U
~NOoO o WON PO

~
"@ OUlooo0oo0o0ooO N
N
—~
~
w OO onNn ko oo N
N

(1, 7) 4,6) (3,0) (6,2 (5, 3)
1,7 ((2,6) @4,6) (3,0 6,20 (7,3) (5,2
1,7 ((2,6) @4,6) (3,0 6,20 ((7,3) (5,3
1,70 ((2,6) @4,6) (3,0 (6,20 (7,49 (5,2
1,70 ((2,6) 4,6) (3,00 (6,20 ((7,3) (5,3
(1, 7) (4, 6) (7,4) (5,4)



-

Curve-fitting Based Decoding -- ASD |

161N

= ASD-BR algorithm
= Module basis formulation

Po(X, y) = (x - 1)°(x - 2)° (x - 4)° (x - 3)° (x - 6)° (x - 7)* (x - 5)°

Ry(X) = 7Lo(x) + BL(X) + 6Ly(x) + OL4(x) + 2L,(x) + 3Ls(X) + 3Le(x)

R1(1) = 7, Ry(2) = 6, Ry(4) = 6, Ry(3) = 0, Ry(6) = 2, Ry(7) = 3, Ry(5) = 3

y - R,(x) interpolates the 7 points encircled by

Py, y) = (¥ - Ri(x)) (x - 1)° (x - 2)* (x - 4)°> (x - 3)* (X - 6)* (X - 7)° (X - 5)°

1, 7) (2, 6) (4, 6) (3, 0) (6, 2) (7, 3) (5, 3)
/(1, 7) (2, 6) [(4, 6) (3, 0) (6, 2) [(7, 3) ((5, 2)
1, 7) (2, 6) (4, 6) (3, 0) (6, 2) (7, 3) (5, 3)
4 4 4
£ < (1, 7) 2.6) [5 < (4. 6) (3, 0) 6. 2) 3 < (7.4) [ < (5. 2)
(1, 7) (2, 6) (4, 6) (3, 0) (6, 2) (7, 3) (5, 3)
\(1, 7) \4, 6) \7,4)  \(5 4

1924-2024

f’/ — ..\\
Fx % taeg (2¢h:
100th ANNIVERSARY N & &)
SUN YAT-SEN UNIVERSITY YU
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= ASD-BR algorithm
= Module formulation

(1,7) (2, 6) (4, 6) (3, 0) (6, 2) (7, 3) (5, 3)
(1,7) (2, 6) (4, 6) (3, 0) (6, 2) (7, 3) (5, 2)
(1,7) (2, 6) (4, 6) (3, 0) (6, 2) (7, 3) 5, 3)
L, 7) 13 {(2, 6) (4,6) [3 <(3, 0) [3 {(6, 2) (7, 4) (5, 2)
4N @7 (2, 6) 4 (4, 6) (3, 0) (6, 2) (7, 3) — (5, 3)
(1,7) (4, 6) (7, 4) 5, 4)

Ra(X) = 7Lo(X) + 6L4(X) + 6L,(X) + OLg(x) + 2L,4(x) + 3Ls(X) + 2Lg(X)

Y - R,(X) interpolates the 7 points encircled by

Py, y) = (¥ - Ri(X)) (¥ - Ry(X)) (x - 1)*(x - 2)* (x - 4)* (x - 3)°(x - 6)° (x - 7)? (X - 5)

m/(s), 0<s<|

= Generators of module Q;: P (x, y) = Hg;(l) (y — Re(X)) ;-’:_01 (X — aj)

= Reduce the basis of Q into a Groébner basis
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= Complexity of ASD-Kotter and ASD-BR in decoding the (255, 239) RS code
= AWGN, BPSK

1.00E+10
2
X
Q
'S 1.00E+08
g —ASD-BR
&) ——ASD-Kotter

1.00E+07

1.00E+06

5.0 5.5 6.0 6.5 7.0 7.5

SNR(dB)
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Progressive Algebraic Soft Decoding (PASD)
Motivation: O = I'(I), i.e., decoding complexity becomes a function of reliability

O1 Non-progressive decoding

Progressive decoding

SNR (dB)
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L - decoding output list V - current output list size

ASD (I = 5) PASD (v=1—2 3 — 4 — 5)

ol

e v=1-—-L={cg
L ={Cs, Cg ,C7, Cgs C10} v=2—>L={cs Co}

V=3 — L ={C Cq, C10}

Enlarge v progressively and terminate once the codeword is found.
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PASD algorithm using Kotter’s interpolation (PASD-Kotter): Progressively enlarge
the polynomial group G — progressively enlarge deg,Q, (X, )
With reliability matrix M and v=1 — M, : (M,) defines interpolation constraints

Initialize G; = {gy, 9.} = {1, y}
The Grobner basis of Q,

Gi={0p 03 — M), Gr=ig g} — Qi Y) 2 f(X) X

’ ’ - ’ ’ ’ ’ f .
92:y2ﬂ> G,=G; Ug; (MZ)—>(M1) G, ={g9¢, 91, 9.} —— Qa(X, y)i,f(x)x

| M ., AM,) - (M, : ,. : , fac. |
g,=y —M) g =G, U gy M Mg o gL g —Qux, y) RS ()

The newly introduced polynomials need to be
updated using the intermediate decoding

information that is stored in system.
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= Interpretation of PASD
= (M)=(M) U(Mp)-(M))U---U(M)-M,)U---U(M)-(M,y)

(My)
(My) - (My)

(M)

(M) - (M)

(M) - (My))

O The constraints to be satisfied.
@® The satisfied constraints.
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Cufve-ﬁttiﬂg Based D€C0ding - PASD 100th ANNIVERSARY
= Complexity of ASD-Kotter and PASD-Kotter in decoding the (255, 239) RS code
= AWGN, BPSK

1.E+10
1.E+9

b \
=
(]
o 1.E+8
S —— PASD-Kotter
© — ASD-Kotter

1.E+7

1.E+6

5.0 55 6.0 6.5 7.0 7.5

SNR(dB)

Low decoding complexity is exchanged by system memory
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PASD algorithm using BR interpolation (PASD-BR) |

(1,7) (2,6) (4,6) (3,0) (6,2) (7,3) (5,3)
1,7) (2,6) (4,6) (3,0) (6,2) (7,3) (5,2
1,7) (2,6) (4,6) (3,0) (6,2) (7,3) (5,3)
1,7) (2,6) (4,6) (3,0) (6,2) (7,4) (5,2
1,7) (2,6) (4,6) (3,0) (6,2) (7,3) (5,9)
(1, 7) (4, 6) (7,4) (5,4)

Start with a decoding OLS of 1 (deg,Q = 1) Go(X) = G;(X)-Ty(X)
/

Po(x, ) = (X - 1)°(x - 2)° (x - 4)° (X - 3)° (X - 6)° (x - 7)* (X - 5)°
Pi(x,y) = (y - Ri(x))|(x - 1)° (X - 2)* (x - 4)° (X - 3)* (x - 6)* (X - 7)° (x - 5)°

.

Po(X, y) = Go(X) = G, () To(x) G,(x) is the GCD.
P,(X,y) = -Hi (X, y)
POWx) 0 To(x) 0
B, = =
' PO,(x)  PD(x) | > HO(x)  HO(x) =

Reducing image of B, into the weak Popov form is equivalent to reducing image of =, into the weak Popov form.
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= Increasing the decoding OLS from 1 to 2: deg,Q = 2

Po(, y) =|(x - 1)° (x - 2)° (x - 4)° (x - 3)° (X - 6)° (X - 7)* (X - 5)° = Gp(X) = T4(x)-T(X)-Gx(X)
Pi(X, y) = (¥ - Ry(3))| (X - 1)° (X - 2)* (X - 4)° (X - 3)* (X - 6)" (X - 7)° (X - 5)] | G1(X) = T4(X)-G,(x)
Py(X, y) = (¥ - Ry(X)) (¥ = Ry(x))|(x - 1)* (x - 2)° (x - 4)* (x - 3)*(x - 6)° (X - 7)* (X - 5)

Po(X, ¥) = Go(x) = T,(X)- To(X)-G,(x) \
P.(X, y) = Hi(X, ¥)-T1(x)-G,(x) G,(x) is the GCD.
P,(X, y) = Hy(X, ¥)-G,(X)

T POX) 0 0 [ TL(X)- To(X) 0 0
B,=| A, (x) PW,(x) O :> G,(x) || T2()-HOL (x)  Ty(x)-HO(x) 0
ﬂo)z(x) P(l)z(x) ﬂz)z(x) H(O)Z(X) H(l)Z(X) H(Z)Z(X)
_ | mw= .
20 | HOLx)  HO,(x) H@,(x)

= =, is generated based on =;. H©,(x), H®,(x), H?,(x) are generated based on enumeration lists.



Curve-fitting Based Decoding ~ PASD Tl 2% (&)

——  SUN YAT-SEN UNIVERSITY

Based on the above deduction

_ - - _ Tv—l(X)'Ev-l Ov><1
Bv— GV(X)- —; -V H(o)v(x) "'H(l)V(X) H(V)V(X)
Progressively enlarge =, — progressively enlarge y-degree of interpolated polynomial Q,(X, y)

The PASD-BR algorithm
The Grobner basis of Q,

_ Reduction /| Root-finding
= > = > Qu(X, y) > f(x) X
Msion
=, Reduction | _ | Root-finding
> =) > Qa(X, Y) > f(x) X
Ansion
= Reduction | _ Root-finding
' > Sy > Qu(X: Y) - )
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reduction Y
v=1 > > —| terminate
expansion N
\ 4
reduction Y
v=2 > . —| terminate
. N
expansion
\ 4
reduction %
v=3 > > — | terminate
. N
expansion

It can remove the memory requirement of the original PASD algorithm and achieve a lower decoding complexity.
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= Complexity of ASD-BR and PASD-BR in decoding the (255, 239) RS code

= AWGN, BPSK

1.E+10

1.E+9
> 1.E+8
P
o ——— PASD-Kotter
g PASD-BR
O 1E+7 - . — ASD-BR

- . = ASD-Kotter
1.E+6
1.E+5
5.0 55 6.0 6.5 7.0 7.5

SNR(dB)

Lower decoding complexity, memory cost is removed
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= Performance of ASD and PASD in decoding the (255, 239) RS code
= AWGN, BPSK

1.E+0
BM/GS (m = 1)
1.E-1
ASD-BR (1=2) |
ASD-BR (1= 4
L0 (=4 |
x
LLl
LL
1.E-3
PASD-BR (I = 2, 4, 8, 16)
1.E-4
1.E-5
5.0 55 6.0 6.5 7.0 7.5

SNR (dB)
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Syndrome Based Curve-fitting Based
Decoding Decoding
Error-Correction _|n-k . =
Capability t'{ 2 t=n-1-|\(k="1Dn|
Complexity Poly. Cons. O(t?) O~(n?)
Complexity Basis Red. O(t?) 0-:07(n?)—06-07(n),6< 1
Enhanced Variants GMD, Chase c!ecodlng, ASD, Chase decoding,
Power decoding, etc. etc.

Re-encoding transform,

Low-complexity Variants ? PASD

O~ denotes O without I, m and log-factors.




