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Abstract—This paper proposes a channel coded linear physical-
layer network coding (LPNC) scheme for two-way relay (TWR)
fading channel, where only the relay possesses the channel
state information (CSI) in the multiple access (MAC) phase.
This scheme employs the spectrally efficient Ring-Trellis Coded
Modulation (Ring-TCM) codes to achieve a better performance
for TWR communication systems that employs LPNC. The design
criterion of the Ring-TCM code for TWR fading channel is
discussed. We also propose a new algorithm to find the optimal
network coding coefficients to resemble the channel fading
coefficients of the node-to-relay channels. The relay estimates
the end nodes’ message using the maximum a posteriori (MAP)
decoding algorithm based on a joint trellis. Our simulation results
show that the coded LPNC scheme significantly outperforms the
uncoded LPNC scheme. It can also outperform the coded scheme
that employs complete decoding (CD) scheme. Our simulation
results also show that the proposed scheme can approach the
cut-set bound at the high signal-to-noise ratio (SNR).

Index Terms—Channel code, linear physical network coding,
two-way relay, fading channel, Ring-TCM codes.

I. INTRODUCTION

Physical-layer network coding (PNC) [1] has the potential to
dramatically increase the throughput of multi-source wireless
communication networks. The two-way relay channel (TWR-
(), in which two end nodes simultaneously exchange message
via an intermediate relay, employs PNC at the relay and can
potentially double the throughput of the conventional one-way
relay channel. The essential idea of the PNC is that the relay
attempts to estimate the network coding message using the
superimposed symbols of the two end nodes. However, for
two-way relay (TWR) communication as PNC, to deal with the
amplitude variation and carrier-phase offset (CPO) of TWRC
remains to be two key challenges in realistic communication
scenarios.

Recently, a compute-and-forward (CF) [2] PNC strategy was
studied in [3-5], which is referred as linear PNC (LPNC).
LPNC performs linear combination of the end nodes message
using ring operation, while the convolutional PNC combines
the end nodes’ message (in bits) using the exclusive-or (XOR)
operation. The LPNC can well address the amplitude variation
and CPO problems and minimize the error probability of
the network coding message by choosing the optimal inte-
ger coefficients to resemble the channel fading coefficients
experienced by the transmitted symbols of the end nodes.

Compared with PNC, LPNC has multiple network coding
combinations, so it can significantly reduce the influence from
the amplitude variation and CPO by choosing the optimal
integer coefficients for network coding message. They can be
seen as the optimal network coding coefficients which can
minimize the error probability of the network coded message.
A real-valued system model with LPNC was studied in [3].
Both real and complex-valued system models with LPNC were
studied in [4,5]. They have proposed the design of LPNC
without using a channel code. Simulation results of [4] and
[5] have shown that in an uncoded system, the LPNC scheme
outperforms the convolutional PNC scheme by more than 5 dB
in a complex-valued Rayleigh fading TWRC. So far, LPNC
has only been studied in the uncoded systems. It remains a
challenge to extend LPNC to a communication system that
employs a practical channel code.

In this paper, we investigate the design of the channel coded
LPNC system for complex-valued Rayleigh fading TWRC,
where only the relay possesses the channel state information
(CSD) in the multiple access (MAC) phase [4]. The uncoded
LPNC scheme is operated in a size-q integer set, where ¢
is a prime number. It is necessary to utilize a channel code
that is defined in the same integer set as the LPNC. However,
most existing channel codes are defined in the finite field of
size two or its extension field, except the Ring-Trellis Coded
Modulation (Ring-TCM) codes [6—8] and the lattice codes [9,
10]. In practice, lattice codes are difficult to implement due to
its high encoding and decoding complexity, leaving Ring-TCM
codes as a suitable channel code to be employed. The other
advantage of Ring-TCM code is its capability in achieving
high spectrum efficiency. Hence, we employ the Ring-TCM
codes in the TWR communication that is assisted by LPNC.
We propose a new algorithm to find the optimal network
coding coefficients to resemble the channel fading coefficients
for the coded system. Our simulation results show that the
channel coded LPNC significantly outperforms the uncoded
LPNC scheme and the the complete decoding (CD) scheme
(which decodes the individual messages of end nodes). We
further show that the channel coded LPNC scheme can well
approach the cut-set bound of the TWRC at high signal-to-
noise ratio (SNR).

The following notations are used throughout this paper. The
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Fig. 1. Two-way relay communications using PNC.
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notation Z, denotes the ring of integers of size ¢ and Z, =
{0,1,2,--- ,q — 1}. The notation &, & and ® denote the
modulo-¢g addition, subtraction and multiplication on Z,, as
a®b=mod(a+b,q),a©b=mod(a—b,q) and a @ b =
mod(ab, q), where @ and b are non-negative integers.

II. TWR COMMUNICATIONS SIGNAL MODEL

The TWR communication system model is shown in Fig.
1 which consists of two end nodes, A and B, and the relay
node, R. There is no direct link between A and B, so they have
to communicate via the R node. In this paper, the channel is
assumed to be frequency-nonselective and fast fading, in which
the channel state changes independent from one to another. We
assume that the CSI is not known at the transmitters while it
is perfectly known at the receiver.

As shown in Fig. 1, in the MAC phase, A and B simulta-
neously transmit their encoded message to the R node. The R
node receives the superimposed symbols which are interfered
by the channel. With the received signal and the CSI, the R
node detects and decodes the LPNC message of A and B. In
the broadcast (BC) phase, the R node re-encodes the LPNC
messages and broadcasts to A and B. Then, each end node
retrieve the desired message by combining the received LPNC
message and its own message.

A. MAC Phase
We assume that the original message vector of end node m
is denoted as w,, = [w{", w3, ..., w;"], where [ is the length

of the original message vector and the message is uniformly
generated from Z, (¢ > 2), i.e.,

’LUTTE{O,I,"~,Q71}7m€{A,B},(1§n§l). (1)

For convenience, we assume both end nodes employ the same
Ring-TCM encoder and the codeword vector of end node m
is denoted as G, = [c]", c5', ..., ¢['], where 7 denotes the
code rate. Two pulse amplitude modulation (PAM) signals
of ¢ levels are used to map the coded symbols ¢}, _, and
e, (1 < n/ < L) into a complex modulated symbol
a2 = (™, 2™, where 27v™ and 27" denote the real
and imaginary parts of the complex modulated symbol z77,
respectively. Therefore, it can be seen as a ¢?-ary quadrature

amplitude modulation (QAM), and presented as

m ..m 1 q_l . q_l
.'ITZLI :mn/R“ijn/’I — ; [(Cg’;’l’fl_T) +] (C%/—T)], (2)

where 7 is the normalization factor that ensures E[|2™|?] = 1.
Let x,, denotes the constellation diagram utilized by end node
m and x]} € X,,. The transmitted symbol vector is denoted
as T, = [, a8, -+, 2" ]. In the MAC phase, the signal
received by the R node is”"

Y = h3\/Esxl + hB\/ExB + 2,/ 3)
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Fig. 2. Block diagram of the operation of relay.

where E/; denotes the average transmitted symbol energy and
h;"; denotes the complex-valued fading coefficient of the end
node m-to-R channel and it is experienced by symbol 7). 2,/
is a complex-valued additive white Gaussian noise (AWGN)
of zero mean and variance 0> = Ny/2 per dimension. The
SNR is defined as p = Esr/Ng.

After the MAC transmission, the R node obtains the re-
ceived signal vector § = [y1, Y2, - ,y%} € Cz with which
it decodes the LPNC message as

N =a @ ® L@ wp =|a; @wi @ F @wD,
az @ws ® P @w, @ wit @ B @ wp),

“4)

where @ and 3 denote the network coding coefficient vectors
as a = [0117042, . 7al] and /6 = [61’ﬁ27 cee 5/61]' We denote
the n-th network coding message as w’Y = o, QW &6, w?.

B. Operations at the R Node

Fig.2 shows the decoding and re-encoding operations at the
R node. It can be described as the follows.

1) Stepl: The R node finds the optimal network coding
coefficients (copt, Bopt) based on the available CSI, hﬁ, and
hf,. The algorithm that finds the optimal network coding
coefficients (Quop, Bopt) Will be introduced in Section IV.

2) Step2: The R node decodes the end nodes’ message
w4 and wp using the maximum a posteriori (MAP) decoding
algorithm based on a joint trellis. It obtains the a posteriori
probabilities (APP) of message symbols w; and w? as

Py(w? = a,w? = b|y), where a,b € Z,. With knowledge
of the optimal network coding coefficients, it can estimate the
LPNC message as in (4).

3) Step3: The R node re-encodes the LPNC message
and then maps the codeword to the ¢2-QAM symbol for

broadcasting to the end nodes.

C. BC Phase

We assume that the end nodes have knowledge of the correct
network coding coefficients. With the received signal of the
BC phase, two end nodes employ the MAP decoding algorithm
to decode the LPNC message. In this paper, it is assumed
that all nodes employ the same channel code. An end node
can extract the other’s message based on the decoded LPNC
message, network coding coefficients and its own message.
For example, node A first cancels its own message w from
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Fig. 3. Encoder structure of the Ring-TCM codes.

the decoded LPNC message. The resultant signal is multiplied
with 8,1, that is the unique inverse of 3,, in Z,. The recovery

n

process is described as
Bite (Wl o, @wl) =81 0B, 0wl =wB. (5)

In order to satisfy the condition that /3,, has a unique inverse,
q is required to be a prime number as in [3-5].

III. RING-TCM CODES AND MAP DECODING BASED ON
A JOINT TRELLIS

In our system, we employ Ring-TCM codes as the channel
code for the end nodes and the MAP decoding algorithm that
utilizes the joint trellis at the R node to decode the LPNC
message.

A. Ring-TCM Codes

In [3-5], the LPNC is defined in Z,. We employ the Ring-
TCM codes [6-8] that is also defined in Z,.

The encoder structure of the Ring-TCM codes is
shown in Fig. 3. The encoder is represented in the for-
m of (9695 - 96) (919t -+~ gt) - (9592 - 98)/(frfo -+ fs).
where k denotes the number of input information symbols
at a time and s denotes the number of the shift registers in
the encoder. gi, g2, , g5, -, gL, g2,-- , g are the feed-
forward tap coefficients and f1, fo, -, fs are the feedback
tap coefficients. They are all defined in Z,. The Ring-TCM
code can be seen as a nonbinary TCM codes with a similar
encoding process.

It has been well established in the literature that the appro-
priate criterion for optimal TCM design on the AWGN channel
is to maximize its free Euclidean distance. However, for
point-to-point fading channel, the most important parameter in
designing a TCM code is the symbol Hamming weight (SHW)
of the shortest error event paths [11-14]. Moreover, the trellis
parallel transitions should be avoided. Since we have adopted
the TWR fading channel model, the criterion for optimal Ring-
TCM design in our model is still to maximize the SHW of
the shortest error event paths. We will verify this criterion by
our simulation results in Section V.

In this paper, we choose two Ring-TCM codes to be
employed by the TWR communications that utilizes LPNC.
They are Ring-TCM (1)(1)(1)/(1,2) and (2)(1)(1)/(3,2)
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Fig. 4. Gray 9-QAM and 25-QAM constellations.
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Fig. 5. Simplified joint trellis of Ring-TCM (1)(1)(1)/(1,2) code.

codes which are defined in Z3 and Zs, respectively. They have
two shift registers and contain 9 and 25 states, respectively.
The two Ring-TCM codes have the maximum SHW of the
shortest error event paths constrained to the number of trellis
states. And the reason that we employ systematic code is that
the R node can easily calculate the network coding coefficients
from the CSI which is experienced by the end nodes’ original
message.

It is well known that ¢>-QAM Gray mapping has the
optimal performance for non-iterative decoding system. So
we assume that nodes A and B employ the same ¢%>-QAM
Gray mapping. Fig. 4 shows the Gray 9-QAM and 25-
QAM constellations that are integrated with the Ring-TCM
(1)(1)(1)/(1,2) and (2)(1)(1)/(3,2) codes, respectively.

B. MAP Decoding Based on a Joint Trellis

In our system, the channel decoding is performed by the
MAP decoding algorithm based on a joint trellis. That says
the decoder combines the two trellis of the two end nodes
to decode the LPNC message. Fig. 5 shows the simplified
joint trellis structure if both of the end nodes employ the
Ring-TCM (1)(1)(1)/(1,2) code. Let D™ and E!™ denote
the current and next states of the shift register ¢ in node
m’s encoder. w,* and ¢y}, _; and c5}, denote the message and
codeword of the node m at time instant n, respectively. The
Ring-TCM (1)(1)(1)/(1,2) code is defined in Z3 and has
two shift registers. Each input message corresponds to two
codeword symbols. Therefore, its joint trellis contains 3* = 81
states and each state has nine incoming and outgoing branches,
respectively. Note that, the R node can also decode message
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by MAP decoding algorithm utilizing a single trellis, but its
performance is worse than that of using joint trellis and we
will show this performance comparison in Section V.

With the received signal vector ¢ and the CSI, the demapper
obtains the channel observations Pr(y,|s%, s5) by

hiso — hB sB?

No

1 n’ —
Pr(yn"‘s?a‘s?) = 71_N06-Tp(|y )7
(6)
where s and s denote the constellation points that are cho-
sen from XA and X B respectively, for o,¢ € {1,2,--- ,¢*}.
With ¢2>-QAM employed at both of the end nodes, each
received signal will spin out ¢* channel observations w.r.t. each
distinct transmitted symbol pair (s ’;, sB). After forward and
backward traces based on the joint trelhs the MAP decoding
algorithm estimates APP P, (@ = a, W2 = b|y).

With the network coding coefficients, «, and (,, the MAP
decoding algorithm estimates the LPNC message w(a"’ﬁ n) (n)

as in (7) and (8).

IV. LPNC FOR RING-TCM CODED SYSTEM

In this section, we will investigate the design of the LP-
NC scheme for the Ring-TCM coded TWR communication
system.

For the Ring-TCM coded transmission, we know that the
real and imaginary parts of the transmitted symbol z; cor-
respond to the message and parity symbols of the end node
m, respectively. The LPNC message generated from the linear
combination of the end nodes message can be seen as the linear
combination of the real part of the symbols :17  and x o as

N AR , 94—

1
w = a, ® (ya (BRI 2)

+T)€Bﬁn Vol T 5
=, ® CQn/,1 2] ﬁn ® C2n’71 ©

=a, Qui ® B, @ wk.

Note that, for r = %, we have n = n’. Therefore, the channel
coded LPNC scheme is different from the uncoded LPNC [5].

The channel coded LPNC scheme consists of two steps. The
first step is to calculate the network coding coefficient group.
The second step is to choose the optimal network coding
coefficients from the group. The two steps are described as

follows.

A. Step 1: Calculating the Network Coding Coefficient Group

From [3-5], we know that the essential of the LPNC scheme
is to find the optimal network coding combinations based on
the CSI of TWRC. The complex superimposed symbol 7,,, =

RN Esx + hB/EaxB =0k + jnZ, is shown as:
AR AR _pAT AT pBR BR BT, BT
o = Es(hy; —h w4 by ~hy ),

Wk = ﬁ(hﬁ,zxZR hﬁ,Rxf Z hB z 71?/72 hB R %I)7

(10

where hZL,"R and hnm,’I denote the real and imaginary parts of

h™, respectively. Clearly, there are ¢* superimposed symbols
in the constellation observed by the R node.

In [5], the R node firstly calculates the minimum distance

(MD) between any two superimposed symbols and calculates

their symbol pair deviation based on the CSI of TWRC. The
function is shown as in (11) and it obtains the symbol pair

doylation A pnen A fim

me, Zhe 0pt1rna " combination is to
combine any two superimposed symbols, with symbol distance
equal to MD, into the same set. The two superimposed
symbols have the same LPNC message. This idea can be
described by the following expression:

~1
aR@(yah R+ = )@a @ (v ”+qT)

R (naBR q— T & (yaBT qg—1
R G e )@b’ (T, +=—5—)

:aR®C2n’—1€Ba ®C2n’ ®B ®02n’—1 @BI®C§L’
=aR@(chy_1 +AR) Dt @(ch +A%)
efR (B, [ +ARepTe (B, +AL),
where o, I, R, Bt
cients, and (a®, «
can imply that

AR AT ol oAl fFe AR AL =0.
So we can find the network coding coefficient group V. as
Vc - U (aRaazaﬁnaﬁI)'

aR®@AT@aTeA]
®R0AR®ATRAL=0

B. Step 2: Choosing the Optimal Network Coding Coefficients

€ Z, are the network coding coeffi-
ot B8R, BT) # (0,0,0,0). Based on (12), we

13)

(14)

After getting the network coding coefficient group V., the R
node needs to choose the optimal network coding coefficients
from V.. We can express the real and imaginary parts of y/,
of (3) as

yR :ﬁ(hAR AR hAI S/I

B, R BR B, T BI R
hn/ Ly hn’ Ly )+zn’7

A / AI AR AR AT
Yo = (h TL’ h n/
B,T BR B’R B,I T

+hy T w " by ) + 2y,

s)

where 2% and zZ, denote the real and imaginary parts of the
AWGN z,,,. Based on our earlier analysis, we only need to
find the optimal LPNC combination of w? and w?.

In (15), the real part of the transmitted symbols x
experiences both real and imaginary parts of the CSI in y, 7 and
yg,. Hence, we have two methods to choose optimal coefficient
based on real and imaginary parts of the CSIL.

The R node calculates two MDs between any two superim-
posed symbols based on the real and imaginary parts of CSI,
respectively. It obtains their symbol pair deviations as

m'R

AR AR =ar min hA R§R 4 hB RoR
(A4, Apy) g‘é}‘+|5§‘#0| A l 6
(A%, AL)) =arg  min  |hyT6h + bl og),
6% [+15% |70
where 6%, 6%, 64,05 € {1 —¢q,---,0,--- ,¢—1}.

Based on the (A%,AR,) and (A%;,A%)), the R node
finds the optimal network coding coefficients from the network
coding coefficient group V. as
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@y (n) = 0 @ 0" @ B @V, )
where
* ~A ~B —
a®,b*)} = ar max P,(w: = a,w, = bly).
{( ) )} g(a*,b*)E{(a,b)|an®a®ﬂn®b:9,9€zq}Z p( n » n ‘y) (8)
R T R T . AR ., AT R - oT B, R .. B,T R . T
(A4, A%, AR, Ap) = arg R g um o [(he™ 4 ) (04 + 364) + (hyy ™ + ™) (65 + 40p)[. (1D
[04 |+104[+[6 5 |+[65170,
3% .05,05 OB E{l—q, 0, q—1}
TABLE 1 1.E+00
SYMBOL HAMMING WEIGHTS OF DIFFERENT RING-TCM CODES
g - - 1.E-01
Ring-TCM code ~ Symbol Hamming Weight (SHW) N
(H(MM)/(1,2) 6 ‘
(MHMM/(2,1) 5 1.E-02 k =
(H2)(1)/(1,0) 4 §
O@)(2)/(1,2) 3 &1 E-03
O)(1)(2)/(1,0) 2 5
z
LE-04 | —Ring-TCM (0)(1)(2)/(1,0) SHW=2 g
R AR\ LR R AR R __ —Ring-TCM (0)(2)(2)/(1,2) SHW=3
« c{(a a~®A A% =0 or €
( opts Bom) {55l "0A 06 Ay (17) HRing-TCM (1)(2)(1)/(1,0) SHW=4
OLR®A£ @,@R(X)AI = 0}. LE-0S 1 o Ring-TCM (1)(1)(1)/(2,1) SHW=5
--Ring-TCM (1)(1)(1)/(1,2) SHW=6
Note that a™ # 0 and 8™ # 0. If there is no (a”, fR) pair LE-06 : :
# pr7 (™, 57) p 0 5 10 15 20 25

satisfying the condition, the R node determines (cwopt, Bopt) =
(1,1).

Finally, the MAP decoding algorithm with a joint trellis
employs the optimal network coding coefficients (copt, Bopt)
to determine the LPNC message by (7) and (8).

V. PERFORMANCE ANALYSIS AND DISCUSSION

We assume the network coding message error (NCME) is
the event of @5\?”’6")(71) # wg\?"”@")(n). In Section III, we
have mentioned that the design criterion for the Ring-TCM
code in TWR fading channel is to maximize the SHW of the
shortest error event path. As shown in Table I, we choose five
Ring-TCM codes to verify our criterion, which have different
SHW of the shortest error event paths. They all have nine states
in the trellis. Fig. 6 shows that the Ring-TCM (1)(1)(1)/(1,2)
code has the best performance as it has the greatest SHW
of the shortest error event path. Meanwhile, the Ring-TCM
(1)(1)(1)/(1,2) code is the optimal code that we can find
in the nine states trellis. The simulation result validates the
proposed criterion.

Fig. 7 shows the simulation result of the Ring-TCM
(1)(1)(1)/(1,2) code over the TWR fading channel using
LPNC and Gray 9-QAM. Our comparison benchmarks include
the uncoded LPNC scheme [5], the uncoded CD scheme which
completely determines all the end nodes message, coded PNC
scheme which employs the MAP decoding algorithm based
on a single trellis and coded CD scheme which completely
determines all the end nodes’ message by the MAP decoding
algorithm based on a joint trellis. It can be seen that the
channel-coded system significantly outperforms the uncoded

SNR (dB)

Fig. 6. NCME rate performance of 5 Ring-TCM codes LPNC scheme (9-
QAM) in a fast fading TWRC.

system by more than 30 dB coding gain. For the channel-
coded system, the LPNC scheme outperforms the CD scheme
by 0.5 ~ 1 dB at low-to-medium SNR. This thanks to the
LPNC that performs a linear combination of the two end
nodes’ message. At high SNR, the LPNC scheme and the
CD scheme have similar performances and approach the cut-
set bound. Because the two approaches employ the APP of
the symbol pairs in MAP decoding algorithm based on the
joint trellis and, at high SNR, MAP decoding algorithm can
correctly calculate the APP of the symbol pairs, among which
one of the APP is dominant. The LPNC plays a less significant
role in improving NCME.

Based on Fig. 7, we can also observe that the LPNC
scheme outperforms the CD scheme by more than 5 dB in
the uncoded system, while there are only 0.5 ~ 1 dB coding
gain in the channel-coded system. There are two reasons.
Firstly, as mentioned above, LPNC scheme and CD scheme
employ the APP of the symbol pair, which are generat-
ed from the MAP decoding algorithm. The channel coding
gain has overshadowed the network coding gain. Secondly,
q is not large enough for performing LPNC. For ¢ = 3,
there are only four possible network coding coefficients, as
(an, Br) = (1,1),(1,2),(2,1) and (2,2). However, (1,1) and
(2,2) have the same performance, and (1,2) and (2, 1) have
the same performance. Therefore, there are only two options
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Fig. 7. NCME rate performance of Ring-TCM codes (1)(1)(1)/(1,2)(q=3)
LPNC scheme (9-QAM) in a fast fading TWRC.
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Fig. 8. NCME rate performance of Ring-TCM codes (2)(1)(1)/(3,2)(q=5)
LPNC scheme (25-QAM) in a fast fading TWRC.

which cannot realize the advantages of LPNC scheme. Hence,
the performance difference between LPNC scheme and CD
scheme are not so significant in the channel coded system.

Fig. 8 shows the simulation result of the Ring-TCM
(2)(1)(1)/(3,2) coded LPNC scheme using the Gray 25-
QAM. The channel code is defined in Z5. We can see that
the trend of the curve lines in Fig. 8 are similar with that
of Fig. 7. The LPNC scheme outperforms the CD scheme
by more than 1 dB in the channel-coded system at the low-
to-medium SNR. This system model operated on Z5 and the
optional number of network coding coefficients are larger than
that of Z3. Therefore, the coded LPNC scheme can achieve a
more significant coding gain over the coded CD scheme. The
advantage of LPNC scheme can be realized when ¢ is a large
number.

VI. CONCLUSIONS

This paper has proposed the channel coded LPNC scheme
based on Ring-TCM codes, where CSI is only available at
the R node in the MAC phase. We have proposed the Ring-

TCM code design criterion for TWR communication systems
that employs LPNC. Using this criterion, we can find the
optimal Ring-TCM code to achieve the best performance in
our system model. Based on uncoded LPNC scheme and Ring-
TCM codes, we have derived a new LPNC scheme to find
the optimal LPNC coefficients in channel-coded system. Our
simulation results have shown that the new LPNC scheme
outperforms the existing schemes and can approach the cut-set
bound at high SNR. We have also shown that the advantages
of LPNC scheme can be realized when the system is defined
in a larger integer set.
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